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Abstract 
The convertible bond is an interesting security with its hybrid nature from both debt 
and equity. Complications in pricing convertible bonds arise due to additional 
contractual features such as callability and puttability, soft call provision. 
 
Since 1991, most practitioners have used the binomial tree models to evaluate 
convertibles bonds. In this thesis, a partial differential equation is formulated from 
the Two-Factor model, attempting a consistent treatment of equity, interest rate and 
credit risk as well as the incorporation of the call and put provisions. I shall present a 
general framework for valuing convertible bonds, with a Black-Scholes stock price, 
and the Hull White model for the interest rate.  
 
By no-arbitrage, the Hull-White model is calibrated to fit the initial term structure of 
interest rates as well as the volatility surface of European swaptions, which are 
readily quoted from the financial market. The closed form formula of the European 
swaption under the Hull-White model is deduced. With the Levenberg-Marquardt 
algorithm, I seek to find model parameters that lead to a least-square fit to its market 
prices. 
 
The approach for solving the PDE is based on the numerical solution of linear 
complementarity problems brought up in E Ayache, P Forsyth, K Vertzal (2003) and 
the penalty method. A convergence study is conducted in the report.  
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I hope that this report will impart on the subject of convertible bond pricing, 
calibration of Hull-White model and the structure of convertible bonds to students 
and others readers interested in financial products pricing with PDE approach. 
 
Keywords: convertible bonds, credit risk, stochastic interest rate, Hull-White model, 
Two-Factor model, calibration, Levenberg-Marquardt algorithm, penalty method 
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1 INTRODUCTION 
1.1 Convertible Bonds 
The market for convertible bonds has expanded tremendously in the past 10 years. At 
the beginning of the decade, just over $60 bn were outstanding in the US which is 
considered highly liquid as compared to other domestic markets. In early 2002, there 
were approximately $270bn convertibles outstanding in the global market, $500bn in 
2003 (E Ayache, P. A. Forsyth, K.R. Vertzal 2004), $600bn in 2004 (Sungard report, 
2004) and, by some estimations (V. Gushchin, E. Curien, 2007), reached $700bn in 
2006 and exceeded $800bn in 2007. As convertible bonds become an increasingly 
popular source of finance for firms, new contractual features of convertibles were 
continually developed including different types of call clauses with or without a 
hurdle, trigger prices and “soft call” feature, clauses which restrict the conversion 
right of holders to contingent events (CoCo clause, conversion based on stock price, 
CoCoCB clause, conversion based on trading price condition), mandatory clauses 
(Arzac, 1997), “death spiral” convertible bonds (Hillion and Vermaelen, 2001), 
option to change the conversion ratio (Hoogland, Neumann, Bloch 2001), perpetual 
feature (Sirbu, Pikovsky, Shreve, 2002). The development and sophistication in the 
contractual features resulted in increasing technical challenges of the bond valuation, 
which have certainly aroused the research interests of academics and practitioners 
alike. 
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1.1.1 Hybrid nature of convertible bonds 
Convertible bonds are financial products, typically having the feature that the holder 
can convert into shares of common stock in the issuing company or cash of equal 
value at an agreed-upon price. It carries additional value to the holder through the 
conversion right provided for the upside potential, the issuer on the other hand 
benefits from the reduced interest rate.  
 
If the bond holder chooses to convert during the lifetime of the bond, the bond is 
redeemed the holder receives some common shares from the issuer. As long as the 
bond holder does not convert the bond, he receives a coupon periodically and is still 
repaid his principal at maturity. If the convertible bond remains live till maturity, the 
payoff at maturity is  
max( , ) ( )CB B S B S Bκ κ += = + − .  (1) 
It becomes clear that convertible bonds are hybrid financial products with bond-like 
and equity-like features (Shown in Figure 1). The underlying risks come from both 
the stock price and interest rate variation. The hybrid nature has inspired some 
models to consider the convertible bond value to be composed of a bond component 
and an option on the stock.  
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Figure 1 Payoff of a convertible bond with κ=1 as the conversion ratio 
1.1.2 Callable and puttable features of convertible bonds 
Among the wide variety of contractual features, this thesis focuses on the call and put 
provision. A put provision allows the holder to return the convertible to the issuer in 
exchange for a predetermined amount of cash at certain points in time, and hence 
provides a downside protection in case of rising interest rates. This adds a further 
layer of protection to the conversion right that bond hoders already dispose of. 
 
When convertibles are callable, the issuer has the option to purchase back the bond at 
a predetermined strike price which often changes during the lifetime of the bond. 
However, the holder still has the priority to convert the bond when the call 
announcement is made; hence the call provision is often used to force early 
conversion of the bond. Early conversion of a convertible bond is not optimal for the 
holder under certain conditions; hence this call provision reduces the value of the 
convertible. It limits the investor's return if interest rates fall or the stock price rises. 
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Often, convertible bonds are call-protected for some years and become callable only 
after that.  
1.2 Literature Review 
Interest rate models can be divided into two categories: equilibrium models, starting 
with assumptions about economic variables and no-arbitrage model, taking today’s 
term structure as an input and hence avoiding arbitrage opportunities. The second 
category is more popular for its empirical realism, i.e. being able to fit initial term 
structure.  
 
In the second category, we capture the term structure of interest rates in two 
approaches. One approach is to model the evolution of either forward rates or 
discount bond prices. This approach was initialized by Heath, Jarrow and Morton 
(HJM, 1992). In the paper, they specify the behavior of instantaneous forward rates. 
The method is both easily comprehensible and powerful, as it contains many other 
term structure models as special cases. It exactly fits the initial term structure of 
interest rates and is compatible with complex volatility structures. On top of that, it 
can readily be extended to as many sources of risk as desired. 
 
More recently the HJM model has been modified by Brace, Gatarek and Musiella 
(1997), Jamshidian (1997), and Miltersen, Sandmann, and Sondermann (1997) to 
apply to non-instantaneous forward rates. This modification is known as the Libor 
Market Model (LMM). In one version, 3-month forward rates are modeled. This 
allows the model to exactly replicate observed cap prices that depend on 3-month 
forward rates. In another version forward swap rates are modeled. This allows the 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  15 
model to exactly replicate observed European swap option prices. The main 
disadvantage of the HJM –LMM models is that they are difficult to implement by 
any means other than Monte Carlo simulation. Consequently, such models are 
computationally slow and difficult to use for American or Bermudan style options. 
 
The other major approach of the second category is to describe the evolution of the 
instantaneous rate of interest, the rate that applies over the next short interval of time. 
Short rate models are often more difficult to understand than models of the forward 
rate, but they are computationally fast and useful for valuing all types of interest-rate 
derivatives. They are often implemented in the form of a recombining tree similar to 
the stock price tree first developed by Cox, Ross, and Rubinstein (1979).  
 
The Hull-White model has mean-reverting feature and extends on the models of 
Vasicek and Cox-Ingersoll-Ross to be arbitrage free. It contains many popular term 
structure models as special cases, such as the Ho-Lee model. By introducing a time-
dependent drift, the resulting term structure of the Hull and White model is 
consistent with current market prices of bonds. The Hull-White model is also chosen 
for scope of this thesis for its convenience in model calibration as compared to the 
Cox, Ingersoll and Ross model. 
1.3 Outline of the Report 
The main aim of this project is to calibrate the Hull-White model with real market 
data and to study the pricing of the convertible bond, with the occurrence of default 
considered in the pricing model.  
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Section 2, Hull-White model: This section first details the link between the Heath, 
Jarrow and Morton model (HJM) and the Hull-White Model, then gives the 
stochastic formulas for all the variables (short rate, forward rate, zero coupon).  
Section 3, Calibration: Firstly a closed formula for swaptions is established, which is 
very useful for the calibration procedure. The section then explains how to choose 
a and σ so that the model swaption volatilities best fit the market volatilities, and 
gives a short overview of the Levenberg Marquardt minimization algorithm which is 
used to minimize the error function 
Section 4, Pricing model of convertible bonds: This section introduces the Two-
Factor model which captures the credit risk with a Poisson process and makes some 
reasonable assumptions upon default, while incorporating an additional stochastic 
process of short term interest rate in response to the long life-span feature of 
convertible bonds. The complete PDE is formulated by delta hedging arguments for 
subsequent numerical implementation. 
In Section 5, Implementation: This section explains how the swap curve is 
transformed into a discounting curve, using cubic spline interpolation and 
bootstrapping, the discretization of the PDE with two state variables inside the 
solution domain and on the boundary, and how the penalty method and the direct 
method are applied to solve the linear complementarity problem.  
In Section 6, Numerical results: This section present the numerical results obtained 
from calibration and from solving the PDE in the Two-Factor model, under the 
assumption of zero recovery rate and total default. I will also demonstrate the 
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convergence in the numerical results as the mesh size and time step are reduced and 
study the correlation between CB price and its various parameters.  
In Section 7, Conclusion: This section evaluates the numerical results obtained and 
discusses possible future extensions in the subject.  
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2 HULL AND WHITE MODEL IN BOND PRICING 
2.1 HJM Model 
2.1.1 Definition and value of a zero coupon bond 
HJM is a class of models containing all the models diffusing zero coupon bonds and 





   (2) 
where ),( TtB is the value of a zero coupon bond, tr is the short rate, ),( TtΓ is a 
volatility function, and tW is a Brownian motion. We can notice that as the price of a 
zero coupon is known when t = T (and is worth 1), 0),( =Γ TT . 
The solution of the stochastic equation is: 
⎥⎦
⎤⎢⎣








Taking tT = in the previous equation and using 1),( =ttB  we get: 
⎥⎦
⎤⎢⎣








Dividing (3) by (4), we can eliminate the short rate and we get: 
[ ] [ ] ⎥⎦
⎤⎢⎣
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2.1.2 Value of the short rate 
The forward continuous nominal rate between T  and θ+T , fixed at t , is defined as 
),( θTRt such that: 
),(
1)),(exp( θθθ += TTBTR tt  (6) 
where ),( θ+TTBt  is the forward value of a zero coupon which satisfies, by absence 





θθ +=+ .  (7) 
This means that  
[ ])),(ln()),(ln(1)),(ln(1),( TtBTtBTTBTR tt −+−=+−= θθθθθ (8) 
From the definition and the value of the zero coupon bond Eq. (5) calculated in the 















The forward short rate ),( Ttf is defined as  
),(lim),( 0 θθ TRTtf t→= .   (10) 
We have : 
∫∫ Γ+−= tt s dsTsTsdWTsTfTtf
00
),(),(),(),0(),( γγ , where 
T
TsTs ∂
Γ∂= ),(),(γ (11) 
In particular the instantaneous short rate ),( ttfrt = satisfies the equation: 
∫∫ Γ+−= tt st dststsdWtstfr
00
),(),(),(),0( γγ
  (12) 
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2.1.3 Link with the Hull and White model 
The Hull and White model assumes that, under the risk neutral measure, the short 
rate follows the dynamic: 
)()())()(()( tdWtdttarttdr σθ +−=   (13) 
where 
a represents the speed of the mean reversion 
)(tσ represents the volatility of the process 
)(tθ represents the long-term rate or mean-reverting benchmark 
 
If we take  
))(exp()(),( stasts −−−= σγ   (14) 
Then 
a
stasts ))(exp(1)(),( −−−−=Γ σ
 (since 0),( =Γ tt ). (15) 





1(0, ) exp( ) ( ) exp( ) exp( ) ( ) exp( )




r f t at s as dW at s as ds
a


































2 )2exp()()2exp(2)exp()()exp( σσ  
Equivalently, 
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Therefore the HJM model with the above choice for ),( tsγ is equivalent to the Hull 









This condition needs to be satisfied to allow the Hull and White model to enter the 
HJM framework and so to be arbitrage free. 
2.2 Rate Processes 
From now one we place ourselves in the case of a Hull and White model with a 
constant volatility parameter, ( )tσ σ= . The diffusion equation becomes: 
)())()(()( tdWdttarttdr σθ +−=  
2.2.1 Short rate and forward rate 
The equations representing the short rate and the forward rate in the Hull and White 
Model can be deduced from the equations presented above in the more generic case 
of the HJM model. We only need to replace ),( Tsγ and ),( TsΓ with their values in 
the case of the Hull and White model. We get the following equations: 








[ ] [ ]2 22 2
0
( , ) (0, ) exp( ) exp( ) 1 exp( 2 ) exp(2 ) 1
2
              exp( ) exp( )
t
s





= + − − − − −
+ − ∫
(21) 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  22 
2.2.2 Beta 
Beta represents the money market account, that is the amount of money that one 








Using the value calculated for tr above, we can deduce the value of )(tβ . Indeed: 


















Using the relation between the forward rate and the zero coupon bonds to simplify 
the first term and Fubini’s theorem to exchange the integrals in the last term, we get: 
[ ] [ ]2 2 22 3 3
0
ln ( ) ln( (0, )) 1 exp( ) 1 exp( 2 )
2 4




t B t t at at
a a a
au as ds dW
σ σ σβ
σ
= − + − − − + − −
⎛ ⎞+ −⎜ ⎟⎝ ⎠∫ ∫ (24) 
[ ] [ ]2 2 22 3 3
0
1( ) exp 1 exp( ) 1 exp( 2 )
(0, ) 2 4
          exp exp exp( ) exp( )
t
t u
t t at at
B t a a a




⎛ ⎞= − − − + − −⎜ ⎟⎝ ⎠
⎛ ⎞⎛ ⎞× − −⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠∫ (25) 
2.2.3 Zero coupon bonds 
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The forward rate has already been calculated in the previous parts so this formula can 
be computed. We replace ),( stf with its value in the integral to calculate a closed 








ln ( , ) ( , ) (0, ) exp( ) 1 exp( )
                                        exp(2 ) 1 exp( 2 )
2















− = = + − −
− − −







   





),0(),0(),0(  can be simplified using the 
relation between the zero coupon bonds and the forward rate, and the last term can be 
simplified using the fact that the integral inside the bracket is independent of s and 
hence can be seen as a constant term in the other integral, which means that the two 









(0, )( , ) ln exp( ) 1 exp( ) exp( )
(0, )
                    exp(2 ) 1 exp( 2 ) exp( 2 )
4














= + − − − −
− − − − −
+ − − −
∫
∫










exp( ) 1 exp( ) exp( )
(0, )( , ) exp exp(2 ) 1 exp( 2 ) exp( 2 )
(0, ) 4





B TB t T at at aT
B t a





⎛ ⎞⎜ ⎟− − − − −⎜ ⎟⎜ ⎟= + − − − −⎜ ⎟⎜ ⎟⎜ ⎟⎛ ⎞⎜ ⎟× − − − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠∫  (29) 
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This formula can also be rewritten as  



















TtY −−−= (32) 
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3 CALIBRATION OF THE HULL-WHITE MODEL 
3.1 Pricing  European Swaptions 
Although swaption pricing isn’t directly necessary for evaluating convertible bonds, we 
need to be able to price them in order to calibrate correctly the parameters a and σ of the 
Hull and White Model. It is necessary to establish a closed formula for their price. 
We first establish theoretical formulas for numeraire change in the general case then in 
the case of the Hull and White model in the previous section. Then we calculate the value 
of a call or a put on a zero coupon bond, and finally in the last subsection we calculate the 
value of a put on a bond with coupons from which we can deduce a closed formula for 
swaptions. 
3.1.1 Numeraire change 
The price P of an asset giving a payoff )( TXh at time T is given by the following 
expectation under the risk neutral measure: 
[ ])(),0( TQ XhTDEP =    (33) 
where 1
0
( ) (0, ) exp
T
sT D T r dsβ − ⎛ ⎞= = ⎜ ⎟⎝ ⎠∫ is the risk neutral numeraire. 
We define a new probability measure TQ , called the forward measure, corresponding 

















   (34) 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  26 
Under this new probability measure, the price P can be computed as: 























Moreover, the price of a tradable asset divided by the numeraire is a martingale. This 




StBSTBt = is a martingale 
under the forward measure TQ . 
3.1.2 The case of the Hull and White model 
We have shown that in the HJM model, 
⎥⎦
⎤⎢⎣






1),(exp),0(1 where sW is a Brownian motion 
under the risk-neutral measure Q . 
This leads to  
⎥⎦
⎤⎢⎣






  (37) 
Girsanov’s theorem then tells us that ∫Γ−= ttTt dsTsWW
0
),( is a Brownian motion 
under the forward measure TQ . 
This means that using the value calculated for tr in the Hull and White model, we get: 
∫−+= t Tut dWauatTtmr
0
)exp()exp(),( σ
  (38) 
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where ),( Ttm is a deterministic function. 
This means that tr conditional on sF (information at time s) is a Gaussian variable 
under the forward measure TQ , following a law )),(,(












3.1.3 Value of a call on a zero coupon bond 
We define as ),,,( KSTtZBC  the price at time t of a Call option with strike K and 












( )( )tQ FKSTBETtB T +−= ),(),(  
To price this Call option we need to know the law of ),( STB under the forward 
measure TQ . 
)),(exp(),(),( TrSTYSTXSTB −= where ),( STX and ),( STY are deterministic 
functions defined in 2.2.3. 







.  (41) 
Moreover since Tr conditional on tF  follows a law )),(,(
2 TtvmN , TrSTY ),( follows a 
law )),(),(,'( 22 TtvSTYmN .(42) 
We are exactly in the framework of the pricing of a call in the Black’s model and 
similar calculations lead to: 
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(Φ represents the cumulative Gaussian distribution) 
Similarly, the price of a put on a zero coupon is given by: 
)(),()(),(),,,( hStBhTtKBKSTtZBP p −Φ−+−Φ= σ (46) 
3.1.4 Value of a swaption 
We first study the pricing of a put on a coupon-bearing bond. We consider a bond 
paying coupons 1c , 2c ,…, nc at time steps 1T , 2T ,…, nT . 
The price of this coupon-bearing bond at time T  is written ),,( 0 CTTCB . In the Hull 


























Since the value of the coupon-bearing bond is continuous and decreasing (between 
∞+ and 0) when 
0T










 Pricing of convertible bond with credit risk and stochastic interest rate 
  29 
The unique *r  solution of this equation can be found using Newton algorithm (the 
function studied is convex so the algorithm always converges) 
















Since each term in the sum is a decreasing function of r , the difference between two 
corresponding terms in the two sums always has the same sign as the difference 



















Swaptions can now be priced since they can be viewed as an option on a coupon 
bearing bond. Indeed, consider a payer swaption with strike rate S , maturity 0T and 
nominal value N , which gives the holder the right to enter at time 0T an interest rate 
swap with payment times 1T , 2T ,…, nT , where he pays the fixed rate S and receives 
the Libor rate. This corresponds to a put on a coupon bearing bond of strike 
NK = and with coupon payments at dates iT worth 
)( 1−−= iii TTNSc  for ni p (53) 
))(1( 1−−+= nnn TTSNc (54) 
This swaption can be priced using the formula for a put on a coupon bearing bond. 
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3.2 General Mechanism of Calibration 
The Hull and White model assumes that under the risk neutral probability, the short 
rate tr  follows the equation: )())()(()( tdWdttarttdr σθ +−=  where )(tW is a 
Brownian motion, and )(tθ , a  and σ  are parameters to be determined. The aim of 
calibration is to determine the Hull and White paramaters a and σ which allow us to 
best fit the market conditions. 
 
A swap curve is given as a first input to calibrate this model. By interpolation and 
bootstrapping, it is transformed into a discounting curve, where a zero coupon value 
is known for every maturity by time steps of 1 month. This allows us to compute the 
forward rate ),0( tf as the derivative of the discounting curve. 
)(tθ can then be determined (as a function of a and σ ) by absence of arbitrage using 
this Discounting curve (and the forward rates deduced from this curve). 
To determine the values of a  and σ one needs more market information. This 
information will come from the second input used to calibrate the model, swaption 
volatilities. a  and σ will be chosen in order to allow the swaption model prices (for 
which there exists a closed formula in the Hull and White model, calculated in 
section above) to fit as well as possible the swaption market prices. More precisely a  
and σ are chosen in order to minimize the sum of the squares of the difference 
between the swaption market prices and the swaption model prices.  
 
More precisely, we choose a set of n swaptions with different tenors and maturities 
on which we want to calibrate our model, and we associate weights iw representing 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  31 















where the term ),( σaSwaption thi  is the price of the Swaption given by the model, 
and realiSwaption  is the price of the Swaption given by the market. In practice we 
always take 1=iw . An example of the weight table is shown in Table 1. 
  Input volatility surface 
Mid-market volatilities for at the money swap options. 
The swap is assumed to start at the expiry of the option, so the total life of 
the transaction is the sum of the option life and the swap life. 
  Maturity 
Tenor 1 2 5 7 10 15 20 30
0.25 80.0% 63.4% 39.0% 33.5% 27.0% 20.4% 18.7% 14.0%
0.5 72.0% 58.0% 38.3% 32.0% 27.2% 20.2% 18.3% 13.7%
1 55.3% 47.6% 37.1% 32.4% 25.7% 21.7% 19.3% 13.2%
2 43.0% 40.2% 30.9% 27.4% 22.5% 19.4% 17.4% 12.0%
3 34.2% 34.8% 26.8% 24.1% 20.4% 17.8% 16.1% 13.4%
4 37.0% 30.5% 23.4% 21.4% 18.5% 16.2% 14.9% 12.0%
5 32.5% 26.6% 20.8% 19.2% 17.0% 15.0% 13.8% 11.0%
10 18.0% 15.7% 12.9% 12.5% 11.9% 10.9% 10.0% 7.2%
15 13.2% 11.4% 10.6% 10.5% 10.3% 9.3% 8.5% 6.7%
20 11.1% 10.5% 10.1% 10.0% 9.9% 8.8% 7.8% 6.0%
30 14.0% 10.4% 9.5% 9.2% 8.9% 7.8% 7.0% 4.9%
Table 1 The input volatility surface from real market quotations 
Weight Table   
Maturity 
Tenor 1 2 5 7 10 15 20 30
0.25 0 0 0 0 0 0 0 0
0.5 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0
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3 0 1 1 0 0 0 0 0
4 0 1 0 0 0 0 0 0
5 0 1 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0
30 0 0 0 0 0 0 0 0
Table 2 Weight table indicating the swaptions used for calibration 
We work on at the money payer swaptions. In order to compute the market prices 
and the model prices of these swaptions, we begin by computing the swap rate S . 
For a swaption of maturity T , tenor ft , and with payment exchanged every tΔ , the 






Δ p   (56) 














The market price realiSwaption  is then deduced from the market volatilities using the 
Black’s formula (which is by convention used to give the implied volatilities quoted 
in the market).  
  Swaption price 
  Maturity 
Tenor 1 2 5 7 10 15 20 30
0.25   0.00287   0.00577   0.01123   0.01425   0.01681   0.01883    0.02123  0.02020 
0.5   0.00415   0.00811   0.01622   0.01964   0.02424   0.02648    0.02942  0.02793 
1   0.00561   0.01085   0.02372   0.02906   0.03302   0.04033    0.04375  0.03788 
2   0.00762   0.01535   0.02891   0.03578   0.04150   0.05057    0.05515  0.04773 
3   0.00856   0.01559   0.03081   0.03872   0.04567   0.05542    0.06058   0.06330 
4   0.00837   0.01598   0.03040   0.03865   0.04694   0.05644    0.06231  0.06297 
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5   0.01072   0.01632   0.03092   0.03910   0.04823   0.05702    0.06280  0.06271 
10   0.00693   0.01211   0.02470   0.03099   0.03880   0.04732    0.05235  0.04700 
15   0.00464   0.00792   0.01756   0.02312   0.03044   0.03788    0.04205  0.04175 
20   0.00358   0.00666   0.01518   0.02033   0.02717   0.03315    0.03593  0.03498 
30   0.00363   0.00532   0.01154   0.01515   0.01967   0.02382    0.02616  0.02313 
Table 3 Implied swaption price from Black’s model with input volatilities in 
Table 1 
For a payer swaption of maturity T , tenor ft , strike rate K , and with payment 
exchanged every tΔ , 



















1  and tTdd −−= σ12   (59) 
In the particular case of an at the money swaption, SK = and so we have: 
( ) ( ) ( )[ ]dNdNtTtBTtBSwaption freali −−+−= ),(),(   (60) 
with tTd −= σ
2
1  
The model price ),( σaSwaption thi is a function of a and σ calculated using the 
theorical formulas obtained in the Hull and White model in the previous section. 
 
3.3 Levenberg Marquardt Minimization Algorithm 
We use the Levenberg Marquardt minimization algorithm in order to minimize the 
function ),( σaF . This algorithm is a combination of two well known algorithms 
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which we will present below: the Gauss-Newton algorithm and the method of 
gradient descent. 
3.3.1 The Gauss Newton Algorithm 
The Gauss Newton algorithm is used to minimize a function S  which is the sum of 








2 )()( ββ . This problem is equivalent to minimizing 2
2
)(βr where 
( ))(),...,()( 1 βββ mrrr =  
The algorithm works recursively, starting from an initial guess 0β of the minimum 
and calculating better approximations ,..., 21 ββ .Starting from an approximation of 
the minimum sβ , we try to find 1+sβ such that 2
2
1 )( +sr β is as small as possible. 
We use the linear approximation Δ+≈+ )()()( 1 srss Jrr βββ where rJ is the Jacobian 
matrix of r and ss ββ −=Δ +1 . Finding the optimal Δ is equivalent to minimizing 
2
2
)()( Δ+ srs Jr ββ which is a linear least squares problem. Δ  is the solution of the 
set of linear equations rJJJ trr
t
r −=Δ)( .(61) This set of equations can be solved 
using the QR factorization of rJ . 
This algorithm tends to work well close to the minimum when the linear 
approximation is almost true, but can fail to converge if we start too far away from a 
minimum. 
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3.3.2 The Gradient Descent 
We now explain how the gradient descent algorithm works, in the particular case of 
the function S defined above. Once again, the algorithm works recursively, starting 
from an initial guess 0β of the minimum and calculating better approximations 
,..., 21 ββ . Starting from an approximation of the minimum sβ , we try to find 
1+sβ such that )( 1+sS β  is as small as possible. 
In order to do that, we search 1+sβ  in the direction of the steepest descent, that is in 
the direction of S∇ , the gradient of S . This means that we take 1+sβ  such that 
)(1 sss S βλββ ∇−=−+ that is such that )( sS βλ∇−=Δ  for a positive value of λ to 







2 )()( ββ , rJS tr2)( =∇ β  so rJ trλ2−=Δ .(62) 
Gradient descent works better than the Gauss Newton Algorithm far from the 
minimum, because it always makes sure to take a step in a direction in which the 
slope decreases, but it can be very slow to converge when it is close to the minimum, 
as well as for functions which have a narrow curved valley when it can zig-zag. 
3.3.3 The Levenberg Marquardt Algorithm 







2 )()( ββ as before recursevily. 
This time we choose ss ββ −=Δ +1 such that rJIJJ trrtr −=Δ+ )( λ . (63)If λ is very 
small this algorithm is very close to the Gauss Newton Algorithm. If λ is very big, 
this algorithm is very close to the Gradient Descent. In practice λ is adjusted at each 
time step (by a multiplication or a division by a constant parameter) in order to try to 
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get )( 1+sS β as small as possible. This should enable us to benefit from the 
advantages of both algorithms while minimizing their drawbacks. 
Thanks to the minipack C code, I was able to modify and adopt the Levenberg-
Marquardt algorithm for finding the optimization parameters in C++. Substantital 
time was spent to study the lmdif framework and the algorithm used. A series of 
functions such as G1ModelSingle was written to provide the essential error function 
for initiating lmdif.  
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4 PRICING MODEL OF CONVERTIBLE BONDS 
4.1 Convertible bonds with credit risk and stochastic interest rate: 
Two-Factor model 
4.1.1 Model structure 
The maturity of a convertible bond is typically longer than a traded option and the 
effect of interest rate variation over its lifetime can be quite significant to the bond 
price. I hence incorporate the Hull-White short rate model to the classic Black 
Scholes model, the combination of which is named the Two-Factor model. 
 
The risk-neutral short-term interest rate is given by: 
2( )t t tdr ar dt dWθ σ= − +   (64) 
where a is the mean reversion parameter, σ is the volatility and they are assumed to 
be constant, while the ( )tθ  is assumed to be a (locally bounded) deterministic 
function of time, used to calibrate to the observed term structure of interest rates. 
 





dS r dt dW
S
ω= +
   (65) 
where tS  is the stock price, μ is the drift rate, σ is the volatility of stock price, { tW1 } 
is a standard Brownion Motion and tr is the short rate diffused by the Hull and White 
Model.  
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In addition,  
1 2t tdW dW dtρ=   (66) 
where ρ  negative as the interest rate and the stock price are negatively correlated. 
When the interest rate increases, funds are attracted to the bond market from the 
stock market, hence the stock price drops due to a lower demand and vice versa. 
4.1.2 Modeling credit risk with a Poisson process 
In the real market, the bonds issued by corporate are generally defaultable, thus the 
credit risk should hence be considered in the pricing model of the CB. Inspired by 
the common use of Poisson distribution for modeling rare events like default, we 
extend the Poisson distribution to a continuous time frame, which is a Poisson 
process. Let { ( ) : 0}N t t ≥ be a Poisson process, where N(t) is the number of defaults 
that have occurred up to time t .  
• N(0) = 0. 
• The number of default events between time t and time t+ tΔ  is given as 
( ) ( )N t t N t+ Δ − and follows a Poisson distribution with mean tλΔ .  
. ( )[( ( ) ( )) ]
!
t ke tP N t t N t k
k
λ λ− Δ Δ+ Δ − = =       0k +∈Ζ , 
where λ is the intensity of default. 
• Independent increments 
In particular, when k =1 
.[( ( ) ( )) 1] ( )tP N t t N t e tλ λ− Δ+ Δ − = = Δ  
By Taylor expansion of . te λ− Δ , we have 
2[( ( ) ( )) 1] (1 )( ) ( )P N t t N t t t t O tλ λ λ+ Δ − = = − Δ Δ = Δ + Δ  
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As tΔ  becomes infinitely small, 
[( ( ) ( )) 1]P N t dt N t dtλ+ − = =  
 
Clearly, the first default occurrence is what we are interested in practice. Define the 
hazard rate ( , )p S t  in such a way that the probability of default in the time period t  
to t dt+ , conditional on no-default in [0, ]t is ( , )p S t dt 
( , )
(  default from  to | No default in [0, ])
Because of the Independent increment property of a Poisson process, we have
(  default from  to )
p S t dt
P one t t dt t






In the framework of this model, we assume λ and hence ( , )p S t to be deterministic. 
Given that no default event occurs prior to t, the probability of a default event and no 
default in the time period t  to t dt+ is respectively 
( , )p S t dt and 1- ( , )p S t dt .  (67) 
4.1.3 Setting upon default in the Two-Factor model 
In the event of default, the stock price jumps from S+ to S- instantaneously: 
(1 )S S η+ −= −   (68) 
Where 0 1η≤ ≤ . When 1η = , the stock price lose all its value and it is called “total 
default”; when 0η = , the stock price remains unaffected, this situation is called 
“partial default”. E. Ayache, P.A. Forsyth, K.R. Vertzal(2003). η is the percentage 
loss in share value upon default. 
The convertible bond holder has two options upon default, 
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• Receive the amount, RX, where [0,1]R∈  is the recovery factor. X can be the 
face-value or the pre-default value of the bond portion of the convertible. 
• Convert the bond into shares worth (1 )Sκ η− . 
Therefore, the value of the bond upon default is  
max( (1 ), )S RXκ η− .  (69) 
 
A further assumption is that the default risk is diversifiable, that is the expected value 
gains and loss due to default is zero and is hence not compensated under the risk 
neutral measure. Another implication of this assumption is that the real world and 
risk-neutral world default probabilities are identical. 
4.2 PDE Formulation 
4.2.1 Delta Hedging 
When both the interest rate and the stock price are stochastic, the convertible bond 
has a value of the form ( , , )V V S r t=  with two state variables. Without loss of 
generality, we assume the conversion is permitted at maturity of upon default, and 
there is no call and put provision. The continuous rights will be reinstalled later 
through the constraints on V. 
 
Since the CB has two sources of randomness, we must hedge our option with two 
other contracts, one being the underlying stock and the other being another CB to 
hedge the interest rate risk. We can use CB with the same contractual feature except 
a different maturity 1T  to hedge away the interest risk, and the price of this CB is 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  41 
denoted as 1V . We hence set up the following hedging portfolio, consisting one unit 
of V,−Δ  of  underlying stocks and 1−Δ  of  1V : 
 11V S VΠ = −Δ −Δ  (70) 
In the case of default,  with Eq.(68)，(69) 
max( (1 ), )dV S RX Vκ η= − −  
dS Sη= −  
1 1max( (1 ), )dV S RX Vκ η= − −  
In the case of non-default, by Ito Formula, 
2 2 21 1( )
2 2t SS sr srr r
dV V S V SV V dt V dS V drω ρσω σ= + + + + +  
1 1 2 2 1 1 2 1 1 11 1( )
2 2SSt sr rr s r
dV V S V SV V dt V dS V drω ρσω σ= + + + + +  
The change in the value of the hedging portfolio is thus given by: 
1
1d dV dS dVΠ = −Δ −Δ  
2 2 2








        [max( (1 ), ) ( ) (max( (1 ), ) )] ( )
SS
t SS sr s
t sr rr s r
rr rV S V SV V dt V dS V dr
pdt
V S V SV V dt V dS V dr
pdt S RX V S S RX V o dt
ω ρσω σ
ω ρσω σ
κ η η κ η
⎧ ⎫+ + + + −Δ +⎪ ⎪⎪ ⎪= − ⎨ ⎬⎪ ⎪−Δ + + + −Δ −Δ⎪ ⎪⎩ ⎭
+ − − −Δ − −Δ − − +
      
 






1 1 1 1      = ( ) ( )
2 2 2 2
         ( ) ( )
          [max( (1 ), ) ( ) (max( (1 ), ) )] ( )




V S V SV V V S V SV V dt
V V dS V V dr
pdt S RX V S S RX V o dt
ω ρσω σ ω ρσω σ
κ η η κ η
⎧ ⎫+ + + −Δ + + +⎨ ⎬⎩ ⎭
+ −Δ −Δ + −Δ +
− − −Δ − −Δ − − +
 
1
1      = ( )r dt r V S V dtΠ = −Δ −Δ  
(71) 
where we have used arbitrage arguments to set up the return on the portfolio equal to 
the risk-free rate. The risk-free rate is just the spot rate. 
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Δ = − , we have: 
1
2 2 2 1
1




1 1 ( ) ( ( )) max( (1 ), )
2 2
1 1      ( ) ( max( (1 ), ))
2 2
    [ ( ) ]
sr s s
r








VV S V SV V p V S V V p S RX
V
V V S V SV V p V S RX
V
V Vr V V V S V
V V
ω ρσω σ η κ η
ω ρσω σ κ η
⎡ ⎤+ + + − − − + − −⎢ ⎥⎣ ⎦
⎡ ⎤+ + + − − −⎢ ⎥⎣ ⎦
= − − −
(72) 
Collecting all V terms on the left-hand side and 1V  terms on the right-hand side: 
1
2 2 2
2 2 2 1
1
1 1 max( (1 ), ) ( ) ( )
2 2








V S V SV V p S RX r p V r p SV
V
V S V SV V r p SV p S RX r p V
V
ω ρσω σ κ η η
ω ρσω σ η κ η
+ + + + − − + + +
+ + + + + + − − +
=
(73) 
The left hand side is a function of T, but not 1T , while the right-hand side is a 
function of 1T  but not T. The equality can only hold when both sides are independent 
of the maturity date. We have: 





t ss rrV S V SV V p S RX r p V r p SV
V
u r t




In the case of Hull-White model: ( , ) ( )u r t t arθ= −  
So we obtain : 
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i.e. 
2 2 21 1 ( ) ( ) ( )
2 2
max( (1 ), ) 0
srt ss rr r sV S V SV V ar V r p SV r p V
p S RX
ω ρσω σ θ η
κ η
+ + + + − + + − + +
− =
(75) 
We notice that ( )r t pη+  appears in the drift term and ( )r t p+  appears in the 
discounting term in the equation above. 
4.2.2 Terminal and boundary conditions 
If the bond remains live till the maturity, the holder would choose to receive its face 
value or to convert it. This gives rise to the terminal condition in our model:  
( , ) max( , )V S T F Sκ=   (76) 
 
We consider the following contractual features of the convertible bonds: 
• A continuous call right for the bond issuer to buy back the bond at the price of cB  
• A continuous conversion right for the holder exchange κ shares of the bond 
issuing company. 
• A continuous put right for the bond holder to give up the bond at the price of pB  
For obvious reasons, p cB B< . 
When these features are continuously available to the relevant parties of the bond, 
the convertible bond becomes of American style and Eq.(75) is no longer valid.  
 
When the bond value rises to the level of the predetermined call price, it is of interest 
to the issuer to call back the bond and prevent its price from rising further. 
Additionally, the bond can still be converted even if the call announcement is made. 
Hence, the first and second features give rise to the upper bound of V: 
max( , )cV B Sκ≤   (77) 
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When the bond price gets low, the holder would use its rights to stop the down trend. 
Among the two rights that the holder of the bond is entitled to, he would naturally 
opt for the more advantageous one. Hence, the second and third features give rise to 
the lower bound of V:  
max( , )pV B Sκ≥   (78) 
Mathematically, V must be governed by the two constraints on any point in the 
solution domain wherever call, put and conversion rights are available. Let 
2 2 21 1( ( ) ( ) ( ) )
2 2srt ss rr s r
V V S V SV V r p q SV ar V r p Vω ρσω σ η θ= − − + + + + − + − − +L
(79) 
Following similar arguments for deriving the PDE of an American option, we obtain 
the following: 
max{min{ max( (1 ), ), max( , )}, max( , )} 0p cV p S RX V B S V B Sκ η κ κ− − − − =L  
Incorporating the continuous call/put features and the terminal condition: 
max{min{ max( (1 ), ), max( , )}, max( , )} 0
( , , ) max( , )
p cV p S RX V B S V B S
V S r T F S
κ η κ κ
κ
− − − − =⎧⎨ =⎩
L
(80) 
In the case that these features are only available at certain times, we can just impose 
the constraints to these particular moments. 
Up to this stage, our model and PDE formulation is complete. 
4.2.3 Coupon payments and interest accrual  
The effects of coupon payments and of interest accrual are also studied in the 
numerical implementation.  
The terminal condition becomes 
( , ) max( , )lastV S T S F Kκ= + ,  (81) 
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where lastK  is the last coupon payment. The last coupon payment is completely 
accrued till the maturity. 
In the more general case, accrued interests on the pending coupon payment are 






−= −   (82) 
Where t is the current time in the forward direction, pt is the time of the previous 
coupon payment, and nt  is the time of the next pending coupon payment, 
i.e. p nt t t≤ ≤ . nK  is the coupon payment at nt t=  
Next, we can compute the dirty call price cB  and dirty put price pB  as 
( ) ( ) AccI( )





B t B t t
B t B t t
= +
= +   (83) 
Where ( )clcB t and ( )
cl
pB t  are the clean prices. 
Discrete coupon payments cause discontinuity in the bond price, and the connecting 
conditions is  
( , ) ( , )i i iV S t V S t K
− += +   (84) 
Where it
+  is the instant after a coupon payment and it
−  is the instant before a coupon 
payment, 
it
K is the coupon payment at it . 
4.2.4 Formulation as a linear complementarity problem 
The points in the solution domain are separated into two regions cB Sκ>  
and cB Sκ≤ . 
• When cB Sκ> , Eq. (80) can alternatively be written as: 
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max( (1 ), ) 0
( max( , )) 0
( ) 0
max( (1 ), ) 0






V p S RX
V B S
V B












            
                 
L
         
               
max( (1 ), ) 0
( max( , )) 0p








       
( ) 0cV B
⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟− =⎝ ⎠                
  1 (85) 
 
In the middle term, the put/conversion constraint is binding because 0V ≥L  means 
that there are arbitrage opportunities in the favor of the bond issuer if the bond holder 
does not exercise its put/conversion right. Notice the second equation actually 
guarantees the third one, as cB Sκ> and c pB B>  imply that 
max( , ) ,  . . 0.p c cV B S B i e V Bκ= < − < . 
In the lower term, the call/conversion constraint is binding as means that there are 
arbitrage opportunities in the favor of the bond holder if the bond issuer does not 
exercise its call right. The third equation actually implies the second, as cB Sκ>  and 
c pB B> imply that max( , ),  . . max( , ) 0.c p pV B B S i e V B Sκ κ= > − >  
The upper term describes the continuation region where neither of the constraints is 
binding.  
 
The problem is hence transformed into a linear complementarity problem and has a 
unique solution. We can hence make use of the numerical methods for solving such a 
problem. Refer to Section 5 of this report for further details. 
                                                 
1 The ∨  means that one of these cases is true for a point in this part of the solution domain 
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• When cB Sκ≤ , 
If both cB  and Sκ  are greater than V, the holder is motivated to convert the bond.  
If cB  is lower than V, then the holder is forced to convert the bond no matter Sκ  or 
V is larger. Otherwise, the issuer would call back the bond, which is even more 
unfavourable to the holder. As a result, the bond is consistently converted for points 
in this part of the solution domain, and  
V Sκ=   (86) 
 
Since we know V Sκ= when /cS B κ= , this provides a good choice for the 
boundary of S , we only need to solve (9) in the solution domain where cB Sκ> , i.e. 
cBS κ< . 
4.2.5 Recovery under the Two-Factor model 
If we recover RX on default, and X is simply the face value of the convertible, or 
perhaps the discounted cash flows of an equivalent corporate bond (with the same 
face value), then X can be computed independently of the value of V. There is only a 
single equation to solve for the value of the convertible V. 
However, this decoupling does not occur if we assume that X represents the bond 
component of the convertible just before default. In this case, the bond component 
value should be affected by put/call provisions, which are applied to the convertible 
bond as a whole. Under this recovery model, we need to solve another equation for 
the bond component B, which must be coupled to the total value V. This does not lie 
in the scope of my studies in this thesis.  
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If R =0, then equation (75) are independent of X. I will restrict these numerical 
examples to the two limiting assumptions of total default (η=1) and zero recovery 
(R=0). (75) is simplified to: 
2 2 21 1( ) ( ) ( ) 0
2 2srt s ss rr r
V r p q SV S V SV V ar V r p Vη ω ρσω σ θ+ + − + + + + − − + = (87) 
Again we can see that the assumption upon defaults plays an important role in 
building and using a credit risk model.  
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5 IMPLEMENTATION  
5.1 Treating the Swap Curve 
5.1.1 Interpolation of the rate curves 
The interpolation of the rate curve takes place in three steps: a first interpolation is 
done on the swap curve, then the swap curve is transformed into a ZC curve by 
bootstrapping, and finally a more precise interpolation (and extrapolation) is done on 
the ZC curve. These three steps are described below: 
The swap rate is first interpolated at all the necessary points in order to be able to 
transform the swap curve into a ZC curve afterwards. This means that we need to 
interpolate the swap rate between 0 and the last input maturity at regular intervals 
corresponding to the coupon period of the swap. For example, in the case of semi-
annual swaps, we will need to calculate swap rates every 6 months between 0 and the 
last input maturity. We use cubic spline interpolation to do this calculation (the 
algorithm for cubic spline interpolation is described in the next subsection). 
The ZC curve will be calculated by bootstrapping, that is step by step using the swap 
curve. Let us take the example of semi-annual swap rates. The ZC rates will be 
calculated successively using the corresponding swap rate and the ZC rates for 
smaller maturities which have already been calculated (ex : the 2 year ZC coupon 
rate can be obtained using the 2 year swap rate and the 0.5, 1 and 1.5 year ZC rate). 
Indeed the calculations can be done using the following formula for the swap rate 
TS of maturity T and coupon period t : 
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where ),0( kB is the price of a zero coupon of maturity k . 









   (89) 
and so the zero coupon can be calculated recursively using the swap curve. 
It is important to note that just enough swap rates are interpolated to be able to get 
ZC rates. If for example in the case of semi annual swap rates we also interpolated 
the 0.25, 0.75, 1.25, 1.75, … swap rates we could use them to calculate the ZC for 
the corresponding maturities successively using the same procedure. However the 
ZC curve for these maturities would be calculated independently from the 
discounting curve for integer and half integer maturities and we might not get a 
continuous curve when putting the two curves together. 
The third step of the algorithm is the interpolation of the ZC curve. It is done in order 
to get a ZC value for each month starting from 1 month and for up to 100 years. 
More precisely, the interpolation is done on the yield TY defined by: 
1),0(
1
−= −TT TBY   (90) 
Cubic spline interpolation is once again used for maturities between one month and 
the last input swap rate. Log linear extrapolation is used for larger maturities (the 
extrapolation is done using the two largest available ZC yields). 
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Finally the forward rate ),0( tf defined by  
[ ])),0(ln()),0(ln(1lim),0( 0 tBtBtf −+−= → θθθ   (91) 


















Figure 2 Input yield curve on annual intervals for deducing the discount factors 
The input data of swap rates for one year to 50 years can be found in my input file 
for the C++ code. With the steps listed above, the C++ code converts the yields to 









0 120 240 360 480 600 720 840 960 1080
Time(Months)
 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  52 
Figure 3 Discount factors on monthly intervals 
In the graph above, the discount rates or zero-coupon bond price for the first 50 years 
or 600 months are interpolated with cubic spline method, while that of the last 50 
years is extrapolated log-linearly. The effect of extrapolation is clearer in the short 
forward rate below. 
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Figure 4 Initial short forward rates at t=0 on monthly intervals 
5.1.2 Cubic spline interpolation 
For a data set { }ix of 1+n points, the natural cubic spline interpolation S  of the 
function f such that ii yxf =)( is defined as n  piecewise cubic polynomials 






















 such that 
- The interpolation property is satisfied: )()( iii xfxS = and )()( 11 ++ = iii xfxS  
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- The function is twice continuous differentiable: )()( '' 1 iiii xSxS =− and 
)()( '''' 1 iiii xSxS =−  
- The second derivative is worth 0 at the extremities: 0)()( '' 10
''
0 == − nn xSxS  
This gives a linear system of n4 equations with n4 unknowns (the coefficients of 
the n cubic polynomial functions). To simplify the calculations, the polynomials 
)(xSi can be written in the basis 
3)( ixx − , 31 )( +− ixx , )( ixx − , )( 1+− ixx , the 
unknowns becoming the coefficients in this basis. Writing iii xxh −= +1 and using 
the interpolation property and )()( '''' 1 iiii xSxS =− we get: 






























The coefficients iz  in this equation can be found by using the conditions 

































 1,...,1 −= ni  (93) 





ijii aai, ) so the system admits a unique solution. This means that the 
solution of the cubic spline interpolation problem exists and is unique. It can be 
computed by solving the above system of equations. 
 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  54 
5.2 Discretization 
5.2.1 Discretization of the PDE 
Let max max(0, ) (0, )S rΩ = × be the solution domain and divide the stock price into Ns 
intervals and the spot rates into Nr intervals, and time into Nt intervas, so: 
 max max, ,S rTt h r
Nt Ns Nr




    for 0
      for 0
   for 0
( , , ) ( , , ) ni j
t n t n Nt
S ih i Ns
r j r j Nr
V S r t V ih j r n t V
= Δ ≤ ≤
= ≤ ≤
= Δ ≤ ≤
= Δ Δ =
 (95) 
At each time step, the first and second order derivative of r and S are approximated 
with the central difference scheme : 
, 1, 1, 2
2
, 1, , 1, 2
2 2
, , 1 , 1 2
2
, , 1 , , 1 2
2 2
2












i j i j i j
n n n n
i j i j i j i j
n n n
i j i j i j
n n n n
i j i j i j i j
n n n n










V V V V
r
r r






+ + + − − +
∂ −= +Ο Δ∂ Δ
∂ − += +Ο Δ∂ Δ
∂ −= +Ο Δ∂ Δ
∂ − += +Ο Δ∂ Δ
∂ − − +=∂ ∂




i jV S r
S r




, , , ( )
n n n
i j i j i jV V V t
t t
+∂ −= +Ο Δ∂ Δ , resulting in a fully implicit scheme. 
The PDE (75) becomes : 
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1
, , 1, 1, 1, 1, ,2 2 2
2
1, 1 1, 1 1, 1 1, 1





21 ( . . ) ( . )
2 ( ) 2
n n n n n n n
i j i j i j i j i j i j i j
n n n n
i j i j i j i j
n n n n n
i j i j i j i j i j
i
V V V V V V V
j r p q ih i h
t h h
V V V V
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h r
V V V V V






+ − + −
+ + − − + − − +
− + + −
− − + −+ Δ + − +Δ
+ − −+ Δ









2 2 2 2
1, 1,
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, 1 , 12 2
1, 1 1, 1 1, 1
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1 1 1 1( ( . ) ) ( ( . ) )
2 2 2 2
1 1 1 1( ( . . )) ( ( . . ))






i j i j
n n
i j i j
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i j i j i j
i j r p V
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i j r p q i V i j r p q i V
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r r r r
i V V V
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+ + − − + −
+ + + Δ +Δ Δ
− + Δ + − − − Δ + −




1)n ni j i jV Vt
+
− +− = Δ
 (98) 
for 0 1,1 1i Ns j Nr≤ ≤ − ≤ ≤ −  
 11 1( ) n n nI C V V F
t t
++ = −Δ Δ  (99) 
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Where 
0,0 1,0 2,0 0,1 1,1 2,1 3, 2, 1,
( 1),( 1) ( 1) ( 1)
[ , , ,..., , , ,..., , , ]
        which is a [Ns (Nr+1)] 1 vector
C is a (Ns (Nr+1)) (Ns (Nr+1)) matrix with
4
n n n n n n n n n n T
Ns Nr Ns Nr Ns Nr
i j Nr i j Nr












( 1), ( 1) ( 1) 2
( 1),( 1) ( 1) ( 1)
2 2
( 1),( 1) ( 1)
2
2 2
( 1), ( 1) 2
( 1),(
1 1( ( . . ))
2 ( ) 2
4




i j Nr i j Nr
i j Nr i j Nr
i j Nr i j Nr
i j Nr i j Nr





C i j r p q i







+ × + + − × +
+ × + + + − × +
+ × + − + × +
+ × + + × +
+ × +
= − − − ΔΔ Δ
= Δ
= − − Δ + −
= + + Δ +Δ
2 2
1) ( 1)
( 1),( 1) ( 1) ( 1)
2
( 1), ( 1) ( 1) 2
( 1),( 1) ( 1) ( 1)
1 1( ( . ) )
2 2
4
1 1( ( . . ))
2 ( ) 2
4
j Nr
i j Nr i j Nr
i j Nr i j Nr
i j Nr i j Nr
i j r p q i
iC
r








+ + × +
+ × + − + + × +
+ × + + + × +
+ × + + + + × +
= − + Δ + −
= Δ
= − + − ΔΔ Δ
= − Δ
(100) 
5.2.2 Discretization on the boundary 
In the numerical implementation, the solution domain is often truncated artificially, 
as discretization needs to span over a finite and viable domain. The CB value on the 
boundary should either be computable explicitly or solvable from an equation that 
can be integrated into iterations of the numerical scheme. When an exact value on the 
boundary cannot found, we need to make approximations that cause minimal error as 
a small error can be propagated significantly through the iterations. According to 
these guidelines, the boundary conditions I used are listed below. 
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2 2 21 1( ) ( ) ( ) 0
2 2srt s ss rr r
V r p q SV S V SV V ar V r p Vη ω ρσω σ θ+ + − + + + + − − + =  
When maxS S= ,  maxV Sκ=  
For 0S = , 0r =  and maxr r= , as introduced in Tavella and Randall, 2000, the 
equation itself is used as the constraint.  
When S = 0,   21 ( ) ( ) 0
2t rr r
V V ar V r p Vσ θ+ + − − + = (101) 
When 0r = ,      
 2 2 21 1 ( ) 0
2 2srt ss rr r s
V S V SV V V p q SV pVω ρσω σ θ η+ + + + + − − = (102) 
When maxr r= , 
2 2 2
max max max
1 1 ( ) ( ) ( ) 0
2 2srt ss rr r s
V S V SV V ar V r p q SV r p Vω ρσω σ θ η+ + + + − + + − − + =
 (103) 
However, the following forward difference discretization at 0r =  and backward 
difference at maxr r=  are suggested in place of the central difference discretization 
shown above, as , 1
n
iV −  and , 1
n
i NrV + are even harder to evaluate accurately. 
   
,0 ,0 ,1 ,2 2
2
,0 ,0 ,1 ,2
2 2
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 (105) 
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So when 0r = , 
2
2 2
, 1, 1 1, 12




, 1 , 2 ,2 2
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1 1 1 1( ( ) ) ( ( ) )
2 2 2 2 2 2
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σ θ ρσωω
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− − − − =Δ Δ Δ Δ Δ
(106) 
for 0,0 1j i Ns= ≤ ≤ − . 
 11 1( ) n n nI C V V F
t t
++ = −Δ Δ   
Where 0,0 1,0 2,0 ,0 0,1 1,1 3, 2, 1,
[ , , ,... , , ,......, , , ]
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When maxr r= , 
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for ,0 1j Nr i Ns= ≤ ≤ −  
 11 1( ) n n nI C V V F
t t
++ = −Δ Δ   
0,0 1,0 2,0 0,1 1,1 2,1 3, 2, 1,[ , , ,..., , , ,..., , , ]
        which is a [Ns (Nr+1)] 1 vector
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When 0S = and 0r = ( or maxr r= ), the respective discretization schemes 0S =  of 
and 0r = ( or maxr r= ) do not agree. We use the discretization scheme at 0r = ( or 
maxr r= ) instead of that at 0S = , as the former needs no assumption on the bond 
value at any point in the solution domain, introducing no additional source of error. 
5.3 Two Methods for Solving the Linear Complementarity Problem 
5.3.1 Penalty Method 
The penalty method is a good candidate for solving a variational inequality like the 
linear complementarity problem below. 
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cB Sκ>  
0 0 0
( max( , )) 0 ( max( , )) 0 ( max( , )) 0




V B S V B S V B S
V B V B V B
κ κ κ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ≥ ≤⎜ ⎟ ⎜ ⎟ ⎜ ⎟− > ∨ − = ∨ − >⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟− < − < − =⎝ ⎠ ⎝ ⎠ ⎝ ⎠
            L             L             L
                        
2    
(110) 
cB Sκ≤        V Sκ=   (111)  
  
The VL 3  here swings between positive and negative values and two boundary 
conditions must be imposed simultaneously. I suggest the following equation for 
solving the problem with the penalty method: 
(max( , ) ) ( )  
where  and  are large positive constants
p cV B S V V Bλ κ μ
λ μ
+ += − − −L
  (112) 







− <        , the RHS of (112) is 0, i.e. 0V =L . This is 
equivalent to the left term of (112). 
• When ( max( , )) 0pV B Sκ− ≤ , the RHS of (112) is (max( , ) ) 0pB S Vλ κ +− ≥ , 
so 0V ≥L  and V will be penalized if ( max( , )) 0pV B Sκ− < . This is equivalent 
to the middle term of  (112). 
• When ( ) 0cV B− ≥ , the RHS of (112) is ( ) 0cV Bμ +− − ≤ , so 0V ≤L  and V 
will be penalized if ( ) 0cV B− > . This is equivalent to the right term of (112).  
 
                                                 
2 ( 0) ( 0) ( 0)a b c= ∨ = ∨ =  denotes the notion that one of  the terms holds at each point in the 
solution domain 
3Note that here the BS= −L L  defined in the lecture notes of QF4102  
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Therefore, (110) and (112) are equivalent when cB Sκ> . 
With the fully implicit schme, we let 1= max( , )pB Sφ κ and 2 = cBφ and we have:  
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n the previous chapter
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n k n n
I C M N V V F M N
t t
V I C M N V F M N
t t
λ μ λ φ μ φ
λ μ λ φ μ φ
+
− +
∴ + + + = − + +Δ Δ
= + + + − + +Δ Δ
(113) 
5.3.2 Direct method for reinforcing the constraints of the bond price 
Below are some lines of my code for reinforcing the constraints of V at a particular 
time step: 
“ 
     for m = 1:Ns*(Nr+1) 
  . 
  . 
  . 
% Checking the lower bound of V, where u(m) is the bond value 
obtained from the scheme at m=j*Nr+(i+1). 
           u(m) = max(max(Bp,kappa*S(m)),u(m)); 
  . 
  . 
  . 
% Checking the upper bound of V 
            u(m)=min(u(m),max(kappa*S(m),Bc)); 
  . 
  . 
  . 
 end 
” 
This method is suggested in the E. Ayache, P.A. Forsyth, K.R. Vertzal(2003), p25. 
After each iteration, we solve from  0V =L  a nV  or equivalently u  in the code. 
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Then I make use of the for-loop shown above to check the bond price against its two 
constraints at each point ( , )i S j rΔ Δ .  
Basically, if the ( )u j solved from the numerical scheme is larger than the upper 
bound of V, i.e. max( , ))cB Sκ , we would bring it down to max( , ))cB Sκ with  
 ( ) min{ ( ),max( , ))}cu j u j B Sκ=  //Clearly, RHS max( , ))cB Sκ≤ .  
Similarly, if the ( )u j  from the scheme is too low, we will correct it with  
( ) min{ ( ),max( , ))}pu j u j B Sκ=  //Clearly, RHS max( , ))pB Sκ≥ .  
Otherwise, we keep the u(m) that lies in the continuation region where 0V =L . 
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6  NUMERICAL RESULTS 
6.1 Results from Calibraion 
6.1.1 a, σ , MSE 
 
Figure 5 C++ calibration output window showing the a and σ  and the mean-
square errors in swapiton price  
With a and σ above, the Hull-White Model is now fully calibrated. Empirical values 
for a (mean reversion rate) are on the order of 0.0 to 0.1 in North America, while σ  
(short rate standard deviation) tends to be between 0.01 and 0.03.4 The calibration 
result above falls well in this range. 
The mean-square error in swaption price is of order 6, indicating a good fit with the 
market data.5 We will use the parameters to price swaptions and deduce the implied 
volatilities below under Black Model for further understanding of the Hull-White 
model and examining the correctness of the implementation. 
                                                 
4 http://www.powerfinance.com/help/Hull_White_Model_Introduction.htm 
5 My C++ code offers the option of choosing among the error functions in swaption price, volatility or 
relative error in swaption price for the Levenberg-Marquardt algorithm.We can also choose to 
calibrate one parameter. 
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6.1.2 Implied volatility surface from a and σ  
  Output volatility surface 
  Maturity 
Tenor 1 2 5 7 10 15 20 30
0.25 94.0% 67.7% 41.3% 33.3% 26.0% 19.1% 16.0% 12.7% 
0.5 80.7% 60.8% 38.7% 31.8% 25.0% 18.5% 15.5% 12.4% 
1 61.9% 50.2% 34.4% 29.3% 23.4% 17.5% 14.8% 11.9% 
2 45.2% 38.1% 29.9% 25.6% 20.7% 15.9% 13.5% 10.9% 
3 35.3% 36.0% 26.9% 22.9% 18.7% 14.7% 12.5% 10.2% 
4 40.8% 31.9% 24.8% 21.1% 17.1% 13.7% 11.7% 9.5% 
5 28.2% 27.8% 21.9% 19.0% 15.5% 12.7% 10.9% 8.9% 
10 21.5% 19.5% 14.9% 13.7% 11.9% 9.8% 8.4% 6.8% 
15 18.9% 17.3% 13.8% 12.3% 10.5% 8.4% 7.1% 5.7% 
20 16.5% 15.2% 12.2% 10.7% 9.0% 7.3% 6.1% 4.9% 
30 13.0% 12.0% 9.6% 8.5% 7.1% 5.7% 4.7% 3.8% 
Table 4 Implied volatility surface with a and σ  obtained from calibration 
 
  Error of volatility surface 
  Maturity 
Tenor 1 2 5 7 10 15 20 30
0.25 -13.99% -4.27% -2.30% 0.20% 0.98% 1.34% 2.75% 1.30%
0.5 -8.74% -2.76% -0.41% 0.17% 2.15% 1.69% 2.76% 1.29%
1 -6.59% -2.58% 2.71% 3.17% 2.36% 4.15% 4.46% 1.33%
2 -2.17% 2.11% 0.94% 1.84% 1.82% 3.45% 3.88% 1.06%
3 -1.09% -1.20% -0.10% 1.23% 1.65% 3.08% 3.53% 3.25%
4 -3.85% -1.46% -1.33% 0.28% 1.37% 2.56% 3.16% 2.51%
5 4.35% -1.12% -1.09% 0.23% 1.51% 2.31% 2.84% 2.12%
10 -3.55% -3.83% -1.98% -1.17% 0.00% 1.08% 1.60% 0.35%
15 -5.65% -5.93% -3.21% -1.85% -0.23% 0.95% 1.41% 1.00%
20 -5.40% -4.73% -2.13% -0.73% 0.82% 1.57% 1.71% 1.13%
30 1.04% -1.60% -0.13% 0.78% 1.73% 2.15% 2.26% 1.11%
Table 5 Error between the extrapolated volatility surface and the market data  
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The shaded cells above represent error in implied volatilities of the 6 swaptions used 
for calibration, the error is fairly small. The discrepancy with the market data at other 
extrapolated points is generally small, but can be large for few points. 
Comparing the following two volatility surfaces graphically, we can see that they are 



































Figure 6 Graph of extrapolated volatility surface 
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Figure 7 Input volatility surface for comparison 
6.1.3 Implied volatility smile from a and σ  
Now we fix the swap tenor and the option maturity and study the volatility smile of 
the specific swaption. The At-the money-strike is evaluted as 3.745% with the input 
term structure. After the Hull-White model pricing formula computes the swaption 
price at the various strikes, the Black formula is used to find the implied volatility. 
The detailed computation process can be found in the C++ code, while the figures are 
shown in the table below. 
K=0.03745 
Strike Implied volatility 
0.37% 0.1K 0.652236 
0.75% 0.2K 0.50822 
1.12% 0.3K 0.433623 
1.50% 0.4K 0.385132 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  67 
1.87% 0.5K 0.350093 
2.25% 0.6K 0.323143 
2.62% 0.7K 0.301537 
3.00% 0.8K 0.283694 
3.37% 0.9K 0.268626 
3.74% 1.0K 0.255676 
4.12% 1.1K 0.24439 
4.49% 1.2K 0.234438 
4.87% 1.3K 0.225578 
5.24% 1.4K 0.217625 
5.62% 1.5K 0.210434 
5.99% 1.6K 0.203893 
6.37% 1.7K 0.19791 
6.74% 1.8K 0.19241 
7.12% 1.9K 0.187334 
7.49% 2.0K 0.18263 
7.86% 2.1K 0.178256 
8.24% 2.2K 0.174175 
8.61% 2.3K 0.170357 
8.99% 2.4K 0.166775 
9.36% 2.5K 0.163406 
9.74% 2.6K 0.160231 
10.11% 2.7K 0.157232 
10.49% 2.8K 0.154394 
Table 6 Implied  volatility for various strikes 
 
We can see in the following figure that the volatility surface looks more like a skew 
than a smile, probably due to the existing market condition.  
 Pricing of convertible bond with credit risk and stochastic interest rate 
  68 
Smile for 2y2y Swaption

















Figure 8 Volatility skew for 2y2y swaption based our input data and calibration 
results 
6.2 Convertible Bond Price  
To verify the validity and the correctness of the numerical scheme presented above, 
some numerical comparisons and graphical visualization have been made and the 
results with analysis are shown below. 
6.2.1 Parameters and explanation for parameters chosen 
First of all, the table below contains the parameters that I used for the numerical 
implementation. Parameters relating to the contractual features are mostly taken from 
Tsiveriotis and Fernandes (1998). The choice of the parameter values are explained 
below. 
Parameters relating to the contractual features of the CB 
Face value of bond, F 100 
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Maturity, T 5 years 
Coupon payments 4.0 
Coupon dates semi-annually from t = 0 to t = 5 
Clean call price, clBC  110 in years 2-5 and 0 in years 0-2 
Clean put price, clBP  105 at year 3 
Conversion ratio, κ 1.0 
Recovery factor, R 0.0 
Parameters relating to Default 
Total default η 1 
Hazard rate, p 0.02 
Parameters for the Intial Market Condition 
0S  80 
0r  0.05 
Parameters the Solution Domain 
maxS  400 
maxr  1 
Parameters for the Two-Factor Model 
Sotck volatility, Sσ  0.20 
θ  for Hull White 0.0097142 
Mean-reversion rate,a 0.157112 
Interest rate volatility, rσ  0.018695 
Correlation coefficient of the models, ρ  -0.5 
Table 7  Data for numerical implementation 
 We can see that the call feature is only available from year 2 onwards and the put 
provision is only available at one point in the lifetime of the CB, 3t = . In practice, 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  70 
convertible bonds are often call-protected for some years and become callable only 
after that.  
p:  For the Two-factor model, I assume the hazard rate p = 0.02. In order to find 
the bond value without credit risk, we can assume p = 0.  
maxr : maxr  must be appropriately chosen so as to ensure the stability of the code as 
the number of iterations increase. When maxr  is chosen to be 1, we observe 
convergence over time in almost all the grid points in the solution domain. 
maxS : When call feature is available, max c
BS κ=  as discussed in section 4.2.4.  
Without the constraint from the call feature, max 400S = (As we vary maxS  
gradually from 150 to 400, the final CB value differs significantly at first but 
stabilizes as maxS reaches 400. Any larger choice of maxS only induces a small 
difference in the third decimal place of the CB value.)  




12      0.157112 0.1571 0.0119 (0.0125-0.0119) 121
12




θ ∂= + ∂
−
≈ + = × + ×         
(114) 
6.2.2 Comparing the penalty method and the direct method 
There is no closed form solution for pricing convertible bonds and hence two 
methods, namely the penalty method and the direct method, for solving the 
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variational inequality are used to cross-check the correctness of each other. In both 
methods, the fully implicit finite difference scheme is adopted, where the 
discretization has already been demonstrated in Section 5.2. 
Run convbond_fi_sir_penalty.m and convbond_fi_sir_cpc.m: 
PARAMETER SETS PENALTY METHOD DIRECT METHOD 
S0=80 93.0322 93.1902 Nt=Ns=Nr=40 
Coupon = 0 S0=100 105.0530 105.1821 
S0=80 113.6708 113.8081 Nt=Ns=Nr=40 
Coupon = 4 S0=100 122.9653 123.0999 
S0=80 93.0511 93.2116 Nt=Ns=Nr=80 
Coupon = 0 S0=100 105.1451 105.2823 
S0=80 113.4451 113.5266 Nt=Ns=Nr=80 
Coupon = 4 S0=100 122.8505 122.9452 
Table 8 Comparison of convertible bond prices from two methods 
The CB price from the penalty method is generally smaller than that from the direct 
method, but the difference of each pair is insignificant (smaller than 0.1) as can be 
observed in the table above. I also notice that the penalty method is two to three 
times more costly in terms of computation time. 
6.2.3 Convergence of the finite-difference scheme 
Run convbond_fi_sir.m: 
MESH NUMBER OF ITERATIONS, NT S0=100, COUPON=0 
Ns=Nr 100 200 400 800 Horizontally Converge to
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20 103.4251 103.4254 103.4256 103.4256 103.4256 
40 103.9123 103.9115 103.9111 103.9109 103.911 
80 104.0427 104.0418 104.0414 104.0411 104.041 
160 104.0657 104.0648 104.0643 104.0641 104.064 
Vertically Converge to 104.1 
Table 9 CB price at various mesh sizes and time step sizes, Ns=Nr 
For each grid, the CB price converges horizontally in the table as the time steps 
increase. However, these values of horizontal convergence are not distinct and are in 
effect grid-dependent. As the grid is refined, the price shows convergence to $104.1. 
This trend can be observed vertically down the last column of the table above, 
indicating that the CB price converges as the mesh size gets smaller. 
 
NT NS NR S0=100, COUPON=0 
20 20 20 103.4209 
40 40 40 103.9144 
80 80 80 104.0431 
160 160 160 104.0650 
320 320 320 104.0646 
640 640 640 Not attainable 
Converge to 104.06 
Table 10 CB price at various mesh sizes and time step sizes, Nt=Ns=Nr 
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From another perspective, we observe the convergence of the numerical scheme. One 
complete execution of the last row (320, 320, 320) actually takes 56min, which is 
very time-consuming, but we are happy to see that with both approaches, the CB 
price converges to $104.1, accurate to one decimal place. 
The tables above are just an example of the convergence study at (100, 0.05). Similar 
convergence is observed at other points ( , )S r in the solution domain. 
6.2.4 CB price and the initial stock price, spot rate 



















Convertible Bond Price given the Initial Stock Price and Interest Rate
Interest rate
 
Figure 9 CB price V(S,r,0), given initial stock price S and spot rate r 
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Figure 10 Two dimensional graph of V(S,r,0) against S,  with speciific r values  
 
All the graphs in the figure above starts off at the intrinsic value of the bond 
component, and remains constant untill conversion into equity becomes increasingly 
viable with higher initial stock price. The conversion feature of the CB hence boosts 
the value the bond, as bond holders are more likely to benefit in effect from their 
conversion right. CB with lower spot rate clearly has a higher intrinsic bond value, 
accounting for the higher starting points. 
 
As the spot stock price increases beyond a certain level, thrhS , the bond will almost 
surely be converted to stocks. According to Eq.(1),  
( )  at T T T T T T T TCB B S B B S B S Tκ κ κ+= + − = + − =  for thrhS S≥ . 
Correspondingly at 0t = , the CB price is linear against S with slope κ  for thrhS S≥ .  
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Such threshold stock price depends on the spot rate. When spot rate is high, it is very 
likely that investors lock in the high spot interest rate through buying in cheap CBs. 
They can easily switch to equities subsequently at the minimal cost just incurred for 
buying the CB. The higher the spot rate, the lower the threshold stock price. For this 
reason, when the spot rate is extremely high, holding the CB is almost the same as 
holding stocks. Graphically, the curves tends towards the CB Sκ=  line as the spot 
interest rate increases.  

























Figure 11 Two dimensional graph of V(S,r,0) against r,  with specific S values  
 
The graphs above generally decreases with the spot rates and stablise at a constant 
CB price at a threshold spot rate. A bond is clearly cheaper when the interest rate is 
higher. This explains the declining part of the graph. 
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As explained in earlier text, high spot rate makes conversion to equity worthwhile 
even at low spot stock price. Given a intitial stock price, there is a threshold spot 
interest rate at which conversion is viable almost for sure. Beyond the threshold spot 
rate thrhr , holding a CB is the same as holding stocks. Thus, we can clearly see from 
the graph that CB S≈  for thrhr r≥ . This explains the flat part of the graph. 
 
We also notice that 0 00 and 50S S= =  shares very close starting point. With the 
relatively small intial stock price and 0 spot rate, conversion is almost surely 
unviable, resulting in little addition in CB value as  compared to a conventional bond. 
The starting point of these two graphs represents essentially the intrinsic value of the 
bond component for r = 0, which is around $85 as observed from the graph. 
6.2.5 Relationship with correlation coefficient, hazard rate and maturity 
Run convbond_fi_sir.m: 
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Figure 12 Graph of (80,0.05,0, )V p  against p 
p = [                 0    0.0010    0.0020    0.0030    0.0040    0.0050    0.0060    0.0070 
    0.0080    0.0090    0.0100    0.0110    0.0120    0.0130    0.0140    0.0150 
    0.0160    0.0170    0.0180    0.0190    0.0200] 
CB = [92.4170   92.1941   91.9741   91.7571   91.5430   91.3318   91.1235   90.9180   
90.7154   90.5156   90.3186   90.1244   89.9330   89.7443  89.5583   89.3749   
89.1943   89.0163   88.8409   88.6681   88.4978] 
The graph is seemingly linear, but is in effect far from being so. Nonetheless, it gives 
a good indication on the adverse effect that the probable default has on the CB value. 
The higher the hazard rate or default probability, the less likely the CB is going to be 
repaid as per normal. A long position in the CB requires higher reward for taking 
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extra risk and hence the bonder holder is willing to lend less at initial time, making 
the CB cheaper. 

















Figure 13 Graph of (80,0.05,0, )V T  against T 
T   =  [1     2     3     4     5     6     7     8     9    10] 
CB = [95.3479   92.9889   91.2117   89.7401   88.4978   87.4487   86.5659   85.8248   
85.2016   84.6747] 
Assuming the same face value and the same coupon payment, we can naturally 
perceive the negative correlation between maturity and the present value of the bond. 
More interest is rewarded for bonds with longer life time. Given the same facevalue 
at maturity, the initial debt needs to lend out less, making the CB cheaper. 
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Graph of CB Price against Correlation Coefficient
 
Figure 14 Graph of (80,0.05,0, )V ρ  against ρ  
Rho = [ -1.0000   -0.9000   -0.8000   -0.7000   -0.6000   -0.5000   -0.4000   -0.3000 
    -0.2000   -0.1000         0           0.1000    0.2000    0.3000    0.4000    0.5000 
    0.6000    0.7000    0.8000    0.9000    1.0000] 
CB = [ 86.7907   87.1549   87.5065   87.8467   88.1768   88.4978   88.8108   89.1163   
89.4153   89.7082   89.9956   90.2781   90.5561   90.8301   91.1004   91.3674   
91.6315   91.8931   92.1524   92.4097   92.6656] 
The graphical trend may be surprising, but logical. At one extreme, when the stock 
market and the rate market behave completely in opposite sense, the bond holder 
would opt for either rising stock price or rising interest rate with no ambiguity. The 
conversion right is exercised only when the rising stock price outweighs the dropping 
interest. On the other extreme, when the random component of the stock price and 
the interest rate are positively and linearly correlated, the stock price and the interest 
will both rise or decline at the same time. The conversion right needs to be used 
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carefully, depending on the actual comparative return from equity and from bond. In 
this sense, the conversion right is more important, adding more values to the intrinsic 
bond price. 
6.2.6 With and without coupon payment 
Run convbond_fi_sir_cpc.m: 
Number of iterations CB price without coupon CB price with semi-annual 
coupons, $4 
200   93.3248 113.7015 
400    93.3104 113.6551 
800    93.3032 113.6320 
1600    93.2995 113.6205 
3200                    93.2977 113.6148 
6400   93.2968 113.6119 
12800  93.2963 113.6104 
Converge to : 90.29 113.61 
Table 11 Convertible bond price without coupon and with semi-annual coupon 
payment of $4, S0=80, Ns=Nr=20. 
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7  CONCLUSION 
7.1 Result Evaluation 
This project studies the pricing of the convertible bond with the stochastic stock and 
interest rate as underlyings, and handles the probable occurrence of default, the call 
and put contractual features into the pricing model. The Two-Factor model is 
established and studied numerically, the stock price is governed by Black Schole’s 
model and the short interest rate is governed by the Hull-White model. The Hull-
White model is calibrated with a yield curve and a swaption volatility surface from 
the market and through Levenberg-Marquardt algorithm. 
The default risk is modeled by an exogenous Poisson process with constant hazard 
rate. Among the various interest rate models suggested in the literature, the Hull-
White model was the most interesting for its tractability and convenience in model 
calibration. The PDE approach is used to study the pricing of CB under the Two-
Factor model, which would usually produce better results than Binomial Tree models 
in the sense of higher order of convergence.  
Forward difference scheme is used for discretizing the PDE at 0r =  and backward 
difference scheme is used at maxr r= , whereas the central difference scheme is used 
elsewhere for the majority of the domain points. The forward and backward 
difference scheme have a lower order of convergence as compared the central 
difference scheme, but avoid making premature assumptions on the CB value  of 
max(0, , ) and (0, , )V r t V r r t−Δ + Δ .  
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The value of the convertible bond is computed by solving a full linear 
complementarity problem with explicitly computed source terms, which gives good 
convergence as the mesh size and the time step are reduced with fully implicit 
discretization. The penalty method and the direct method are jointly used for 
checking on the correctness of the implementation. We find insignificant differences 
between their outputs and the values they converge to. 
The relationship between the CB price and various factors, such spot stock price, 
spot rate, coupon payments, the hazard rate, correlation coefficient of the stock price 
and the short interest rate, are analysed numerically and graphically for the purpose 
of understanding the model used and examining the correctness of the numerical 
implementation. 
Beyond pricing convertible bonds with the Two-Factor model, we are interested in 
accessing the practical value of the underlying Hull-White model. From some 
randomly selected market data, we are able to numerically solve for the parameters, 
which indicates the success in theoretical derivation and model implementation. With 
a and σ  obtained, the mean-square error of the theoretical swaption price with the 
market price is of order 6, indicating a very good fit of the model with the selected 
market data. In another perspective, the implied volatility surface is very similar to 
the input volatility surface, with small error as shown in Table 5. Hull-White model 
is effective in bridging theoretical framework and market data; however, if we aim to 
fit all the observed swaption prices, such a stationary model is insufficient. 
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7.2 Further Studies 
As far as calibration is concerned, the Hull-White model is assumed to be stationary. 
That is, the parameters a and σ  are constants that do not vary over time. Further 
investigation can probably be conducted on non-stationary models, which do not 
severely affect future behavior of the models while providing a good fit to the current 
market prices. 
I assumed in my implementation that the recovery rate is zero. This avoids having 
another unknown, pre-default bond component value, in the PDE model. When the 
recovery rate is not zero, it becomes essential to decompose the bond value into the 
bond component and the equity component and solve a complex coupled system of 
PDEs. This is an interesting topic for further investigation. 
The value of a convertible bond depends on the precise behaviour assumed when the 
issuer goes into default. It is extreme to assume an instantaneous jump to zero of the 
stock price upon a default event. Empirical data shows that in most cases, the stock 
price is eroded gradually prior to default and then drops abruptly, but by much less 
than 100% upon the announcement of a bankruptcy filing. This can be another 
assumption to remove from the model for future research. A decision concerning 
which assumptions are appropriate requires an extensive empirical study for different 
classes of corporate debt. 
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9 APPENDICES 
9.1 Codes of the Numerical Implementation 
9.1.1 C++ code on calibration 
The code is too long to be included here and can be provided when necessary. 
9.1.2 Matlab code on convertible bonds pricing 
<convbond_fi_sir.m>: Pricing of CB under the Two-Factor model without 
call/put/conversion feature nor neither coupon payments. 
<convbond_fi_sir_penalty.m>: Pricing of CB under the Two-Factor model with 
call/put/conversion(cpc) feature and with the penalty method 
<convbond_fi_sir_cpc.m>: Pricing of CB under the Two-Factor model with 
call/put/conversion feature with the direct method 
% parameter specification 
% T = 5; 
% Bc_cl =110; 
% Bp_cl = 105; 
%  
% p=0.02; 
% sigma = 0.2; 
% kappa = 1; 
% R=0; 
% F=100; 
% coup_freq =0.5; 
% coupon = 4; 
% ita1 = 1; 
% ita2 = 0; 
% S0 = 80; 
% Nt = 200; 
% Ns = 20; 
% Nr = 20; 
% Smax = 400; 
% r0 = 0.05; 
% omega = 0.0186947; 
% lambda = 0.157112;  
% rho = -0.5; 
% rmax = 1; 
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9.1.3 <convbond_fi_sir.m> 








   
Bc = Bc_cl; 
Bp = Bp_cl; 
  
h = Smax / Ns; 
dt = T / Nt; 
k = rmax/Nr; 
  
% computation of vectors S, r, alpha 
NN=Ns*(Nr+1); 
i(NN,1) = 0; 
j(NN,1) = 0; 
for index1=1:(Nr+1) 
    for index2=1:Ns 
        j((index1-1)*Ns+index2)=index1-1; 
        i((index1-1)*Ns+index2)=index2-1; 
    end 
end 
  
S = i * h; 
sr = j * k; 
alpha = sigma^2 / 2 * (i.^2); 
  
for index0=1:NN 
    beta(index0)=(sr(index0)+p*ita1)*i(index0)/2; 
end 
beta=beta'; 
     
     
% boundary conditions 
u = max(F,kappa*S); 






c5=alpha * 2 + (k.*j+p) + 1/dt+(omega/k)^2; 





%Adjustment on the coeff matrix at r=0 and r=rmax 
%wr1=blkdiag(speye(Ns,Ns),zeros(NN-Ns,NN-Ns)); 
wr1=spdiags(vertcat(ones(Ns,1),zeros(NN-Ns,1)),0,NN,NN); 
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    wsm=blkdiag(wsm,speye(Ns-1,Ns-1),zeros(1,1)); 
end 
  
%Matrice for fully implicit scheme 
A2 = spdiags([c10,wsm*c9,c8,c7,wsm*c6,c5,c4,wsm*c3,c2,c1,c0],... 
    [-Ns*2,-Ns-1,-Ns,-Ns+1,-1,0,1,Ns-1,Ns,Ns+1,Ns*2], Ns*(Nr+1), 
Ns*(Nr+1))'; 
B2 = 1/dt * speye(Ns*(Nr+1)); 
  
%Correction when s=smax-h, i.e. i=Ns-1 





       w = B2*u; 
       w=w+u22; 
       u = A2\w; 
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    for index2=1:Ns 
        umatrix(index1,index2)= u((index1-1)*Ns+index2); 





    U=umatrix(floor(r0/k)+1,floor(S0/h)+1); 
else 




%Plot of CB price against stock price and interest rate 
figure(1); 




title('Convertible Bond Price given the Initial Stock Price and 
Interest Rate','FontWeight','bold') 
  
%Plot of 2D Graph of CB Price against Spot Stock Price 
figure(2); 
x = 0:h:Smax-h; 
y = umatrix(1,:); 
y2 = umatrix(floor(r0/k)+1,:); 




axis([0 200 0 220]) 
xlabel('Stock price($)') 
ylabel('CB price($)') 





%Plot of 2D Graph of CB Price against Spot Rate 
figure(3); 
x = 0:k:rmax; 
y = umatrix(:,1); 
y2 = umatrix(:,floor(S0/h)+1); 




axis([0 0.6 0 160]) 
xlabel('Interest rate') 
ylabel('CB price($)') 
title('Graph of CB Price against Spot Rate','FontWeight','bold') 
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legend('S0=0',strcat('S0=',int2str(S0)),strcat('S0=',int2str(S0/2)),
strcat('S0=',int2str(S0/2*3)))    %S0=100 
  
et = toc 
9.1.4 <convbond_fi_sir_penalty.m> 









Bc = Bc_cl; 
Bp = Bp_cl; 
  
h = Smax / Ns; 
dt = T / Nt; 
k = rmax/Nr; 
rho_penalty = 1000000 / dt; 
miu_penalty = 1000000 / dt; 
  
% computation of vectors S, r, alpha 
NN=Ns*(Nr+1); 
i(NN,1) = 0; 
j(NN,1) = 0; 
for index1=1:(Nr+1) 
    for index2=1:Ns 
        j((index1-1)*Ns+index2)=index1-1; 
        i((index1-1)*Ns+index2)=index2-1; 
    end 
end 
  
S = i * h; 
sr = j * k; 
alpha = sigma^2 / 2 * (i.^2); 
  
for index0=1:NN 
    beta(index0)=(sr(index0)+p*ita1)*i(index0)/2; 
end 
beta=beta'; 
     
     
% boundary conditions 
u = max(F+coupon,kappa*S); 







c5=alpha * 2 + (k.*j+p) + 1/dt+(omega/k)^2; 
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    wsm=blkdiag(wsm,speye(Ns-1,Ns-1),zeros(1,1)); 
end 
  
%Matrice for fully implicit scheme 
A2 = spdiags([c10,wsm*c9,c8,c7,wsm*c6,c5,c4,wsm*c3,c2,c1,c0],... 
    [-Ns*2,-Ns-1,-Ns,-Ns+1,-1,0,1,Ns-1,Ns,Ns+1,Ns*2], Ns*(Nr+1), 
Ns*(Nr+1))'; 
B2 = 1/dt * speye(Ns*(Nr+1)); 
  
%Correction when s=smax-h, i.e. i=Ns-1 
u22 = (speye(NN)-wsm)*(-c3-c6-c9)*(kappa*Smax); 
  
        
count =0; 
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for n=1:Nt 
  
    %Define phi1 and phi2 piecewisely, where phi1 is the lower bound 
and 
    %phi2 is the upper bound of V 
     if n > (Nt*3/5)%t=0 to t=2 when call provision is not available, 
only conversion right is available 
         phi1 = kappa.*S; 
         phi2=10000*ones(NN,1); %since there is actually no upper 
bound for this time interval 
     else 
         %Compute the dirty call 
         if mod(T-n*dt,coup_freq) == 0 
            Bc = Bc_cl+coupon; 
         else 
            Bc = Bc_cl+coupon*mod(T-n*dt,coup_freq)/coup_freq; 
         end 
         if n==(Nt*2/5) 
                Bp = Bp_cl+ coupon; 
                phi1 = max(kappa.*S,Bp);%call,put,conversion 
available 
                phi2 = max(kappa.*S,Bc); 
         else 
                phi1 = kappa.*S;%call,conversion available 
                phi2 = max(kappa.*S,Bc); 
         end 
     end 
      
     %Penalty method with newton linearization for the RHS of the 
     %variational inequality 
        w = B2*u; 
        w = w+u22; 
        %uuu = u; 
        Pold = rho_penalty * speye(NN); 
    while true 
        count = count + 1; 
        uold = u; 
        fp1 = spdiags(phi1> u, 0, NN, NN);%+0.000001 
        fp2 = spdiags(phi2< u, 0, NN, NN);%+0.00000001 
        P = rho_penalty * fp1+miu_penalty*fp2; 
        Q = A2 + P; 
        f = w + fp1*phi1*rho_penalty + fp2*phi2*miu_penalty; 
        u = Q \ f; 
        P = rho_penalty * spdiags(phi1 >= u, 0, NN, NN)+ 
miu_penalty*spdiags(phi2 <= u, 0, NN, NN); 
        if isequal(P, Pold) 
            break; 
        elseif max(abs(u-uold)./max(1, abs(uold))) <= 1/rho_penalty 
            break; 
        elseif count > Nt*10 
            display('Probably does not converge.'); 
            break; 
        end 
        Pold = P; 
    end 
     
    if n <= (Nt*3/5) 
        for m_for=1:NN 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  94 
            if S(m_for)>=(Bc/kappa) 
                u(m_for)=kappa*S(m_for); 
            end 
        end 
    end 
        
     uu(:,Nt-n+1)=u; 
%Update for coupon payment 
    if mod(T-n*dt,coup_freq)==0 & ~(n==Nt) 
%      if mod(T-n*dt,coup_freq)==0 
        u = u+coupon; 




    for index2=1:Ns 
        umatrix(index1,index2)= u((index1-1)*Ns+index2); 





    U=umatrix(floor(r0/k)+1,floor(S0/h)+1) 
else 
    U = S0*kappa; 
end 
  
et = toc 
 
9.1.5 <convbond_fi_sir_cpc.m> 






Bc = Bc_cl; 
Bp = Bp_cl; 
  
h = Smax / Ns; 
dt = T / Nt; 
k = rmax/Nr; 
  
% computation of vectors S, r, alpha 
NN=Ns*(Nr+1); 
i(NN,1) = 0; 
j(NN,1) = 0; 
for index1=1:(Nr+1) 
    for index2=1:Ns 
        j((index1-1)*Ns+index2)=index1-1; 
        i((index1-1)*Ns+index2)=index2-1; 
    end 
end 
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S = i * h; 
sr = j * k; 
alpha = sigma^2 / 2 * (i.^2); 
  
for index0=1:NN 
    beta(index0)=(sr(index0)+p*ita1)*i(index0)/2; 
end 
beta=beta'; 
     
     
% boundary conditions 
u = max(F+coupon,kappa*S); 







c5=alpha * 2 + (k.*j+p) + 1/dt+(omega/k)^2; 
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    wsm=blkdiag(wsm,speye(Ns-1,Ns-1),zeros(1,1)); 
end 
  
%Matrice for fully implicit scheme 
A2 = spdiags([c10,wsm*c9,c8,c7,wsm*c6,c5,c4,wsm*c3,c2,c1,c0],... 
    [-Ns*2,-Ns-1,-Ns,-Ns+1,-1,0,1,Ns-1,Ns,Ns+1,Ns*2], Ns*(Nr+1), 
Ns*(Nr+1))'; 
B2 = 1/dt * speye(Ns*(Nr+1)); 
  
%Correction when s=smax-h, i.e. i=Ns-1 





       w = B2*u; 
       w=w+u22; 
       u = A2\w; 
        
% %     for m_for = Ns:(-1):1 




        if n <= (Nt*3/5) 
            %Update dirty call values 
            if mod(T-n*dt,coup_freq) == 0 
                    Bc = Bc_cl+coupon; 
%This line is removed, because the connecting condition below at the 
end of 
%the loop will add in the coupon payment once for all. 
            else 
                Bc = Bc_cl+coupon*mod(T-n*dt,coup_freq)/coup_freq; 
            end 
            if S(m_for)<(Bc/kappa) 
%Puttable feature at t=3        
                if n == Nt*2/5 
                    Bp = Bp_cl+ coupon; 
                    u(m_for) = 
min(Bc,max(max(Bp,kappa*S(m_for)),u(m_for))); 
                else 
        %            
u(m_for)=min(u(m_for),max(kappa*S(m_for)+floor(n*dt/coup_freq+0.49)*
4,Bc)); 
                    u(m_for)=min(Bc,max(kappa*S(m_for),u(m_for))); 
                end 
            else 
                u(m_for)=kappa*S(m_for); 
            end 
        else 
%            
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u(m_for)=min(u(m_for),max(kappa*S(m_for)+floor(n*dt/coup_freq+0.49)*
4,0)); 
            u(m_for)=max(u(m_for),kappa*S(m_for)); % At this 
time,you will not be forced to convert since the bond is not 
callable, so just choose whatever that is better. 
      
        end         
   end 
  
     
  
 uu(:,Nt-n+1)=u; 
%Update for coupon payment 
     if mod(T-n*dt,coup_freq)==0 & ~(n==Nt) 
        u = u+coupon; 




    for index2=1:Ns 
        umatrix(index1,index2)= u((index1-1)*Ns+index2); 





    U=umatrix(floor(r0/k)+1,floor(S0/h)+1); 
else 




et = toc 
 
9.2 C++ Programme Flow 
9.2.1 Main code 
0 Main.cpp 
1 InterfaceCalibration.cpp: Calibrate 
2 Calibraiton.cpp: Optimization_LM 
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   G1analytics.cpp: G1ESwaption 
   G1analytics.cpp: ImpvolBlack 
Calibration.cpp: Mapping 
9.2.2 Inside the class G1analytics, interpolation and LMnumerics: 
<LMnumerics.cpp> 
LmdifÆfcn 
    Æenorm 






    Æspline_interp 
    Æloglinear_interp 
    Æstrip_coupon 
    Æconvert_to_fwd 
 
<G1analytics.cpp> 
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ImpvolBlackÆBlackES 
G1ESwaptionÆG1BondoptÆG1ZCBÆ G1VtTfunc 




      string config_file; 
 
  double *param_initial; //param_initial[0]=0.0095;param_initial[1]=0.0316; 
  double *param_min;// param_min[0]=0.0000001;  param_min[1]=0.00001; 
double *param_max; //  param_max[0]=0.1; param_max[1]=1; 
 
  int nb_tenor;// 8 
  int nb_maturity;// 11 
  string calib;// “sigma_and_a” 
  string error;// “price” 
  int nb_date; //53, dates with swap rate, 0 to 50 years. 
  int swaption_type; // 1 
  double coupon_period;//  1 
  double K;// 1 
  double *swap_tenor; 
  double *swap_maturity; 
  double **swaption_vol; 
  double **weight; 
  double *dateCurve; 
  double *zeroCurve;   
  double *RateCurve;   
  double *SwapRateTable; 
  string debug_address; //”C:\\calibration\\” 




public:int mD; //=nExp*nTenor=88 
 double **MarketData; // initialised by InitMrktStruct 
 Pricing of convertible bond with credit risk and stochastic interest rate 
  100 
 double *dateCurve;  //n_dates=53 dimensional array,initialised by 
InitMrktStruct 
 double *zeroCurve;  //n_dates=53 dimensional array, initialised by 
InitMrktStruct 
    int nCurve; //=n_dates=53 
 double *discCurve;  //nMax1=1201 dimensional array, initialised by 
InitMrktStruct 
    double TMax; // initialised by InitMrktStruct,=2*50=100. 
    int nMax;  //=nMax=1200 






[4]:swap_maturity + swap_tenor 
[5]:coupon_period all along  //0.5 
[6]:weight matrix 
[7]:swaption price from Black moedel. //for calculating discrepency with market price in 
G1ModelSingle. 
 
class modelStruct{  //Initialised by InitModelStruct 
public:double *pMin; //[0, 0]Æ[9.9e-8,9.9e-6] 
 double *pMax;  //[0,0]Æ[0.1010000000001,1.0100000000] 
 int nPar;  //2 
 
9.4 Class Functions of C++ code 
The functions used are listed below class by class and the comments on the right 
explain how they are used. 
 
1.InterfaceCalibration.h<--Calibration 
Constructor //read in the inputs from the file 
Calibrate //Interface between variables in the class "InterfaceCalibration" and 
functions in the class "Calibration". 
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2.Calibration.h<--All classes except for matrice and ProbaUtilities are included. 
Optimisation_LM //Optimization that calls on other functions in this and other 
classes. 
InitModelStruct  //Initialisation of one factor Gaussian model structure
  
Mapping // function to map between physical and calibration parameters (a and 
sigma) before and after calling the following function. 
G1Model //Calculation of a matrix of swaption prices based on Hull White model 
and computes their discrepency with market prices. 
G1Single //Called by the function above to compute the swaption price and error, 
given a swap term and swaption maturity. 
 
3.CalibSwapMarket.h<--G1analytics.h (BlackES) and Interpolation.h (Set_fwd_rate, 
set_discount_factor) 
marketStruct  //Class variable 
modelStruct  //Class variable 
CalibSwapMarket //Class vairable 
InitMrktStruct  //initialisation of market structure and market data   
 
4.Interpolation.h<--Matrice.h 
set_forward_rate  // Calculate forward rates from swap rates. 
fill_in_yields   // Interpolate yields for coupon periods and btw coupon periods 
spline_coefficients  //Computes cubic spline interpolation coefficients 
spline_interp // Takes in terms within arrayT and yields within arrayY which 
both have num elements and returns the cubic spline interpolated 
value at term 
loglinear_interp //Given the array of terms arrayT and the array of yields arrayY, 
and given a value of "term" this routine returns a loglinearly 
interpolated value "yield" 
//The above two functions are used to get the rates on monthly interval from the 
input swap rates which are given on yearly interval. 
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strip_coupon  // Convert the swap rates to annualised zero coupon 
bond prices. 
convert_to_forward // Convert zero coupon bond price to spot forward rates, 
f(0,t) for all t 
set_discount_factor  //Convert from spot forward rates back to initial zero 
coupon bond prices 
 
5.LMnumerics.h<--CalibSwapMarket.h, Calibration.h 
lmdif  //Levenberg-Marquardt algorithm 
fcn  //Called by Lmdif, first parameter of lmdif, effectively executes 
G1Model once and computes discrepencies with the market price 
enorm //Called by Lmdif, given an n-vector x, this function calculates the 
euclidean norm of x 
fdjac2 //Called by Lmdif, this function computes a forward-difference 
approximation to the m by n jacobian matrix associated with a specified 
problem of m functions in n variables. 
qrfac //Called by Lmdif, qr factorization of the Jacobian matrix calculated by 
the above function. 
lmpar //Called by Lmdif,given an m by n matrix a, an n by n nonsingular 
diagonal matrix d, an m-vector b, and a  positive number delta, the 
function is to determine a value for the LM parameter 
qrsolv //Called by lmpar, given an m by n matrix a, an n by n diagonal matrix d, 
and an m-vector b, the function determines an x which solves the 
system by qr factorization. 
 
6.G1analytics.h <--ProbaUtilities.h 
impvolBlack  //compute the implied volatility with Black's model 
 BlackES  //Compute the swaption value with Black’s model 
G1ESwaption  //Compute the swaption value with Hull-White model 
 G1ZCB  // Value of a zero coupon bond. with Hull-White model, 
B(t,T) 
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 G1VtTfunc //Called by above 2 functions with Hull-White model, to 
compute X(t,T) 




CumNorm  //cumulative density function of normal distribution 
 
8.Matrice.h 
gaussR //Gauss-Jordan Reduced matrix 
comatrice  //Covariance matrix 
and other evident matrix related operations, properties, methods. 
